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Introduction – dusty medium

Gas + Dust =
=Two(three, four...)-phase medium
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Equations to solve (two phases)

∂ρg
∂t + (~v · ∇ρg) = −ρg∇~v

∂ρd
∂t + (~u · ∇ρd) = −ρd∇~u

∂(ρg~v)
∂t +∇ ·

(
ρ~v · ~v − pÎ

)T
= ∇ · Π(ν) + Dgas

∂(ρd~u)
∂t +∇ · (ρd~u · ~u)T = Ddust

∂S
∂t =

1
2
γ− 1
ργ−1 ∇ · (~v · Π(ν))

p = (γ− 1)ρgε, S =
p
ργ
,

ρg — gas density
~v — gas velocity
ρd — dust density
~u — dust velocity
p — gas pressure
D ∼ ~v−~u

tstop
— drag force

ε — SIE, S — entropy
Π(ν) — numerical viscosity
γ — adiabatic parameter
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Smooth particle hydrodynamics
Approximation of any parameters:

f(r) =
∫
Ω

f(r ′)δ(r − r ′)dx ′ ≈
∫
Ω

f(r ′)W(|r − r ′|,h)dr ′ ≈
∑
j=1

mj
f(rj)

ρj
W(|r − rj |,h)

Kernel M4

W(r,h) = α


1 − 32q2 + 34q3, 0 ≤ q ≤ 1,
14(2 − q)3, 1 < q ≤ 2,
0, 2 < q,

q =
|r|
h

Monaghan, J.J., Annual Review of Astronomy and Astrophysics, 1992
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Monaghan&Kocharyan approach
Drag force on gas:

Dn
a = −λ

∑
j

mj
Kn

aj
ρn

aρ
n
j

(~vn
a − ~vn

j ) · (~rn
j −~rn

a )

|~rn
j −~rn

a |
2 + ηhn

aj
2 |~rn

j −~rn
a |W(rn

ja,hn
a)

Drag force on dust:
Dn

i = λ
∑

b
mb

Kn
bi

ρn
bρ

n
i

(~vn
b − ~vn

i ) · (~rn
i −~rn

b )

|~rn
i −~rn

b |
2 + ηhn

bi
2 |~rn

i −~rn
b |W(rn

ib,hn
i )

Dependence on dust parameters:

Kn
aj =

ρn
j ρ

n
acn

sρs
=
ρn

j
tn
stop

Monaghan, J. J., Kocharyan, A., Computer Physics Communications, 1995
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SPH + Implicit Drag-In-Cell method

IDIC: Stoyanovskaya+, Astronomy and Computing, 2018, Stoyanovskaya+, Journal of
Computational Physics, 202110 Olga Stoyanovskaya etal / Journal of Computational Physics (2020)

W(~r, h) W(~r, h)

n n+1

Рис. 1. Вычисление скоростей в методе IDIC для двухфазной полидисперсной среды. Показан пример с 3 фракциями
пыли. Шаг 1 - вычисление средних скоростей в ячейках на текущем шаге по времени. Шаг 2 - вычисление скоро-
стей в ячейках на следующем шаге по времени путем решения системы линейных алгебраических уравнений за O(N2)
арифметических операций. Шаг 3 - вычисление скоростей частиц на следующем шаге по времени.

wn+1 − wn

τ
= An

g∗ +
∑

i

ε∗i An
i∗, (32)

wn+1
i − wn

i

τ
= An

g∗ − An
i∗ −

ε∗i + 1
ti

wi −
∑

j,i

ε∗ j

t j
w j, i = 1, ..N. (33)

Уравнение (32) может быть решено отдельно от остальных, а (33) в одномерном случае представ-
ляют собой линейную систему размерности N × N c заполненной матрицей специального вида. При
условии εi > 0 ∀i решение системы (33) может быть найдено за O(N2) арифметических операций по
формулам, описанным в [27] Appendix B). После нахождения wn+1, wn+1

i определяем скорости газа и
фракций пыли, обращая соотношения (31).

Отметим, что аналогичная задача нахождения скоростей на следующем временном слое из реше-
ния системы линейных алгебраических уравнений возникает при конструировании сеточных методов
для двухфазной полидисперсной среды. Авторы [32, 31] решают систему уравнений (29)-(30) методом
исключения Гаусса. В методе Гаусса для решения системы размерности (N + 1) × (N + 1) требуется
O((N + 1)3) арифметических операций. Использование предложенного нами алгоритма квадратичной
сложности существенно снизит вычислительные затраты в тех приложениях, где рассматривается
большое количество фракций (например, авторы [19] используют 150 фракций пыли).

По найденным в каждой ячейке скоростям газа и пыли мы восстанавливаем скорости отдельных
SPH-частиц по уравнениям (26)-(27), записанным для индивидуальных частиц.

3.2. Расчетные формулы
Пусть на временном слое n известны координаты, скорости, плотности газовых и пылевых частиц,

а также внутренняя энергия газовых частиц. Будем находить эти величины на слое n + 1, последо-
вательно вычисляя скорости частиц с использованием нового гибридного метода. Для вычисления
координат, плотности, энтропии и давления применяется стандартная SPH-аппроксимация. На рис. 2
приведена блок-схема одного временного шага, на которой красным цветом показаны входные и вы-
ходные данные, зеленым цветом показаны величины, вычисляемые в частицах, оранжевым цветом
показаны величины, вычисляемые в ячейках.

Будем использовать a, b в качестве индексов для газовых частиц, m, l в качестве индексов для
пылевых частиц. Так, например, ρa,g, va, ra, Pa будут соответственно обозначать плотность, скорость и
координату газа, газокинетическое давление в частице с номером a; ρil,uil, ril - плотность, скорость и
координату i фракции пыли в частице с номером l.

Idea of IDIC: Velocities → Average velocities → New average velocities → New velocities
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Gadget-2 package

SPH cosmological simulations, Tree-code for approximation of gravity

The cosmological simulation code GADGET-2 1119

Figure 8. Illustration of the relation between the BH oct-tree and a domain decomposition based on a Peano–Hilbert curve. For clarity, the sketch is drawn in
two dimensions. The fiducial Peano curve associated with the simulation volume visits each cell of a regular mesh exactly once. The simulation volume is cut
into domains by segmenting this curve at arbitrary intermediate points on cell boundaries. This generates a rule for distributing the particle set on to individual
processors. Because the geometric structure of the BH tree is commensurable with the mesh, each mesh cell corresponds to a certain branch of a fiducial global
BH tree. These branches then reside entirely on single processors. In addition, each processor constructs a ‘top-level tree’ where all nodes at higher level are
represented. The missing data on other processors is marked using ‘pseudo-particles’ in this tree.

enough for all present applications but could be easily extended if
needed.

In principle, we would then like to sort these keys and divide the
sorted list into segments of approximately constant work-load. How-
ever, because the particle data (including the keys) are distributed,
a global sort is a non-trivial operation. We solve this problem using
an adaptive hashing method. Each processor first considers only its
locally sorted list of keys and uses it to recursively construct a set of
segments (by chopping segments into eight pieces of equal length)
until each holds at most sN/N cpu particles, where we usually take
s � 0.1. This operation partitions the load on each processor into
a set of reasonably fine pieces, but the total number of these seg-
ments remains small, independent of the clustering state of matter.
Next, a global list of all these segments is established, and seg-
ments that overlap are joined and split as needed, so that a global
list of segments results. This corresponds to a BH tree where the
leaf nodes hold of the order of sN/N cpu particles. We can now as-
sign one or several consecutive segments to each processor, with
the divisions chosen such that an approximate work-load balance is
obtained, subject to the constraint of a maximum allowed memory
imbalance. The net result of this procedure is that a range of keys is
assigned to each processor, which defines the domain decomposi-
tion and is now used to move the particles to their target processors,
as needed. Note that unlike a global sort, the above method requires
little communication.

For the particles of each individual processor, we then construct
a BH tree in the usual fashion, using the full extent of the particle
set as the root grid size. In addition, we insert ‘pseudo-particles’
into the tree, which represent the mass on all other processors. Each
of the segments in the global domain list, which was not assigned

to the local processor, is represented by a pseudo-particle. In the
tree, these serve as placeholders for branches of the tree that reside
completely on a different processor. We can obtain the multipole
moments of such a branch from the corresponding remote proces-
sor, and give the pseudo-particle these properties. Having inserted
the pseudo-particles into each local tree therefore results in a ‘top-
level tree’ that complements the tree branches generated by local
particles. The local tree is complete in the sense that all internal
nodes of the top-level tree have correct multipole moments, and
they are independent of the domain decomposition resulting for a
given processor number. However, the local tree has some nodes that
consist of pseudo-particles. These nodes cannot be opened because
the corresponding particle data reside on a different processor, but
when encountered in the tree walk, we know precisely on which
processor this information resides.

The parallel tree force computation proceeds therefore as follows.
For each of its (active) local particles, a processor walks its tree in the
usual way, collecting force contributions from a set of nodes, which
may include top-level tree nodes and pseudo-particles. If the node
represented by a pseudo-particle needs to opened, the walk along the
corresponding branch of the tree cannot be continued. In this case,
the particle is flagged for export to the processor the pseudo-particle
came from, and its coordinates are written into a buffer list, after
which the tree walk is continued. If needed, the particle can be put
several times into the buffer list, but at most once for each target pro-
cessor. After all local particles have been processed, the particles in
the buffer are sorted by the rank of the processor they need to be sent
to. This collects all the data that need to be sent to a certain proces-
sor in a contiguous block, which can then be communicated in one
operation based on a collective hypercube communication model.

C© 2005 The Author. Journal compilation C© 2005 RAS, MNRAS 364, 1105–1134
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Sod‘s tube problem: constant m vs. constant N
Initial conditions

(ρg, p, v, ε) =
{
(1.0, 1.0, 0, 2.5) x < 0
(0.125, 0.1, 0, 2.0) x > 0 γ = 1.4 tstop ∼ 10−4
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SPH-IDIC: h = 2× 10−2, ∆t = 10−3, solid: m=const, dashed: N=const
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Sod‘s tube problem: MK vs. IDIC, small tstop

Initial conditions
(ρg, p, v, ε) =

{
(1.0, 1.0, 0, 2.5) x < 0
(0.125, 0.1, 0, 2.0) x > 0 γ = 1.4 tstop ∼ 10−3
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SPH: h = 2× 10−2, solid: IDIC (∆t = 10−3), dashed: MK (∆t = 10−4)
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Sod‘s tube problem: MK vs. IDIC, medium tstop

Initial conditions
(ρg, p, v, ε) =

{
(1.0, 1.0, 0, 2.5) x < 0
(0.125, 0.1, 0, 2.0) x > 0 γ = 1.4 tstop ∼ 10−1
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SPH: h = 2× 10−2, ∆t = 10−3, solid: IDIC, dashed: MK
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Sod‘s tube problem, IDIC: variable h vs. h=const
Initial conditions

(ρg, p, v, ε) =
{
(1.0, 1.0, 0, 2.5) x < 0
(0.125, 0.1, 0, 2.0) x > 0 γ = 1.4 tstop ∼ 10−3
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SPH: ∆t = 10−3, solid: variable h, dashed: h=const
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Expansion of Dusty ball into vacuum – 3D: problem and solution

ρd

ρg

vg

vd
p

Rg

Rd

Stoyanovskaya+, Fluids, 2021

Analytical solution:

dRg
dt = Ṙg,

dRd
dt = Ṙd

dṘd
dt =

Rd
tstop

(
Ṙg
Rg

−
Ṙd
Rd

)
dṘg
dt = 2(γ− 1)C∗R2−3γg −

1
tstop

MdR4g
MgR3d

(
Ṙg
Rg

−
Ṙd
Rd

)
∂E
∂t = −3(γ− 1)EṘg

Rg
, p = (γ− 1)ρgE(t)

(
1 −

r2
R2g

)
vg(r, t) = Ṙg

r
Rg
, vd(r, t) = Ṙd

r
Rd

ρg(t) =
3Mg

4πR3g(t)
, ρd(t) =

3Md
4πR3d(t)
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Dusty ball – 3D: large relaxation time
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Dusty ball – 3D: small relaxation time
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Parallelization of IDIC: 12th Gen Intel(c) Core ™i9-12900K × 16
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Results

Implementation of the SPH-IDIC method using the Gadget-2 package was
verified
1D and 3D calculations show significant advantage of SPH-IDIC over
MK-scheme when small tstop

SPH-IDIC is parallelizable algorithm, speedup ∼ 10 with 24 threads
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